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> B%E: HEG = W, 3R
o BEVHEEEPHATNAR, iEn = [VIATIREAE
o BEcuHEITAR

V={1234},n=4
€ ={(1,2),(2,1),(2,3),(3,2),(2,4),(4,2),(3,4),(4,3)}

* (RTImER) F—mEE € =1{(1,2),(23),(24),34)}
A (2,1),(3,2),(42),(43) €€




IR

HE

ARTREEA I I 140 F A D

r@é\ﬁ[ﬁ]iﬂ V={1234},n=4
g - {(172)1 (213)1 (214)7 (472)1 (314)}
il SRTE/ BN B/
— —_—
r@é\ﬁ%
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rﬁmiﬂ
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> B%E: HEG = W, 3R
o HAVHEEEMIAINA, itn = [VIATHEA%
o BEcuHEITAR

RETS FHHERESRAEIEG , P I oA 4 e Y R A AL/ AR A T AR DR SR T B B A Tl

spectral graph theory

About 1,610,000 results (0.18 sec)

FRK Chung, FC Graham - 1997 - books.google.com

Beautifully written and elegantly presented, this book is based on 10 lectures given at the
CBMS workshop on spectral graph theory in June 1994 at Fresno State University. Chung's ...
Y¢ Save Y9 Cite Cited by 9938 Related articles All 5 versions 99

—‘I’jEflz iﬁ ( Spectral gf(lph thCOfY) 1poF] Spectral graph theory

D Spielman - Combinatorial scientific computing, 2012 - Citeseer

Spectral graph theory is the study and exploration of graphs through the eigenvalues and
eigenvectors of matrices naturally ... We then survey a few applications of spectral graph theory. ...
Y¢ Save 99 Cite Cited by 247 Related articles All 6 versions 99

Spectral graph theory and its applications

DA Spielman - 48th Annual IEEE Symposium on Foundations ..., 2007 - ieeexplore.ieee.org

... to graph partitioning and expansion. In Section 6, | explain how spectral graph theory has ...
| discuss spectral approaches to testing graph isomorphism in Section 8. Finally, | conclude ...
Y¢ Save Y9 Cite Cited by 282 Related articles All 14 versions
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> nxnf4REERFEA (adjacency matrix) @ A;; = 124 HANNM(,)) € €

A
0 1 0 O
1 0 1 1
0 1 0 1
0 1 1 O




RN

> nxnffJEEEMFEA (adjacency matrix) : A;; = 14 HAVH(,)) € €

DRIR R, AL =,

> nXnihiE P HEMEL: Lijj = D;jj — A;j = -1, #(,j) €&,
0, HEIFM.
D (BEAEFE) A L
1 0 0 O 0 1 0 O 1 -1 0 0 T
o3 0 0 201 1 _|-1 3 -1 -1
O 0 2 O 0O 1 0 1 0 -1 2 -1
O 0 0 2- 0 1 1 O L0 -1 -1 2-




RN

> nxnffJEEEMFEA (adjacency matrix) : A;; = 14 HAVH(,)) € €

DRIR R, AL =,

> nXnihiE P HEMEL: Lijj = D;jj — A;j = -1, #(,j) €&,
0, HEIFM.
D (BEAEFE) A L
1 0 0 O 0 1 0 O 1 -1 0 0 T
o3 0 0 201 1 _|-1 3 -1 -1
O 0 2 O 0O 1 0 1 0 -1 2 -1
O 0 0 2- 0 1 1 O L0 -1 -1 2-

XAFEE R TC M R, ARILERRAFRARE, LiRATsd:8) o0 2 f#k A0
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> nxXniJEBIEMHPEA (adjacency matrix) Ajj = 14 HANY43G,)) € €

SRR
(BEE, 1749—1827)

DRIR R, AL =,

> nXnihiE P HEMEL: Lijj = D;jj — A;j = -1, #(,j) €&,
0, HEIFMI.
D (BEAEFE) A L
1 0 0 O 0 1 0 O 1 -1 0 0 T
oc 3 0 0 (10 1 1f _ |-1 3 -1 -1
0O 0 2 O 0O 1 0 1 0 -1 2 -1
O 0 0 2- 0 1 1 O L0 -1 -1 2-

XAFEE R TC M R, ARILERRAFRARE, LiRATsd:8) o0 2 f#k A0
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> A[Enxn BRI h R ML A IE 2 AR, B TR Ry € RVAv Ly > 0

[ A RivT Ly ]
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> A[Enxn BRI h R ML A IE 2 AR, B TR Ry € RVAv Ly > 0

Lo | = ). ( Y (- v,.)>

s T EEEEEEEE- N

f1 -1 0 0 :
LTI l_l I _1} |
o -1 2 -1 :

Lo -1 -1 2 l

| |
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> A[Enxn BRI h R ML A IE 2 AR, B TR Ry € RVAv Ly > 0

Lo | = ). ( Y (- v,.)>

s T EEEEEEEEs N

I |

[r1 -1 0 0 P

50 o o R R ]

o -1 2 -1 1 R

: 0 -1 -1 2 o 2v, — v, —vs
|

v \ L v
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> A[Enxn BRI h R ML A IE 2 AR, B TR Ry € RVAv Ly > 0

n

e | =Zvi< > (vi—vj)>

i=1 j:(i,HeE

s T EEEEEEEET N\
! |
[r1 -1 0 0 | S
5 i o o R e N P
o -1 2 - | 205 — vy — vy
: 0 -1 -1 2 ' 2V — V3 — V3
|
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> nE BT LARFEAE AR ) 2 A P I B
> AHEnXnByhi R ML IE € AR, BIXAHMERFAEY € RVAv Ly =20
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> nJiEnXnhyhi jﬁ?ﬂﬁ%ﬁ%h@:*ﬂi%%l@, HIHEZ R Ev € R"Av Ly 2 0

[eioLy | = > (Z (v; - v,)>=i Y v -

j:(i,j)e& i=1 j:(i,j)e&

= Z Ul'(vi —U])
(i,j)eE
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> nE BT LARFEAE AR ) 2 A P I B
> AHEnXnByhi R ML IE € AR, BIXAHMERFAEY € RVAv Ly =20

n n
[ v Ly ] = 7}%( 2 (vi - v,-)) - Z Z vi(vi =)
=1 j:(i,j)e& i=1 j:(i,j)e&
= Z Ui(vi — U]) = Z vi(vi - v]) + Z Ui(vi - v])
(i,j)eE i<j:(i,j)e& i>j:(i,j)e€E

i<j:(i,j)eE i>i:(j,0)EE

-y vi(vi—vj)+£ S vj(vj—vi%
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> A[Enxn BRI h R ML A IE 2 AR, B TR Ry € RVAv Ly > 0

n n
[ v Ly ] = 7[1&-( 2 (vi - vj)> — Z Z vi(vi — vj)

i=1 j:(i,))€EE i=1 j:(i,))€E

= Z Ul'(vi — U]) = Z vi(vi — v]) + Z vi(vi — v])
(i, EE i<j:(i,))eE i>j:(i,))eE

= Z vi(vi —v;) + 2 v;(v; —vi)
i<j:(i,j)e&€ j>i:(ji)eE

B Z vi(vi —v;) + 2 v;(v; — i)
i<j:(i,j)e€& i<j:(i,j)e€

FEFCI B, 75,0 € EMAG)) €€
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> nJiEnXnhyhi jﬁfﬂﬁ%ﬁlﬁLﬁ:ﬂﬁE%%I@, HIHEZ R Ev € R"Av Ly 2 0

Lo | = vl< Y (- v,)>=i Y (- v)

(i,j)e€ i=1 j:(i,j)e&
= Z Ul'(vi — U]) = Z vi(vi - v]) + Z vi(vi - v])
(i,j)eE i<j:(i,j)e& i>j:(i,j)e€E
Z vi(vi — v]) + 2 vj(vj — vl‘)
i<j:(i,j)e&€ j>i:(ji)eE
Z vi(vi - U]) + 2 vj(vj - Ul')
i<j:(i,j)e€& i<j:(i,j)e€
(vi = v)(vi —vj)
i<j:(i,j)e€

= Z (vi—”j)z

i<j:(i,j)€E
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> Al AT LI RRAEAE S ARk I 2 Ak 3 PR 5
> A[Enxn BRI h R ML A IE 2 AR, B TR Ry € RVAv Ly > 0

n n
[ v Ly ] = 7}%( 2 (vi - v,-)) - Z Z vi(vi =)
i=1 j:(i,j)e& i=1 j:(i,j)e&
= Z Ul'(vi — U]) = Z vi(vi - v]) + Z vi(vi - v])

(i,j)eE i<j:(i,j)e& i>j:(i,j)e€E

Z vi(vi — v]) + 2 vj(vj — vl‘)
i<j:(i,j)e&€ j>i:(ji)eE

Z vi(vi — U]) + 2 vj(vj — Ul')
i<j:(i,j)e€& i<j:(i,j)e€

(vi = v)(vi —v;)

i<j:(i,j)e€

_ Z (vi—v)°  ERERE  RIERHELSEE IR

i<j:(i,j)€E
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VL = 2 (vi—v,)" W Xe
i<j:(i,))€eE




RN

2
viLv = 2 (vi - Uj) &
i<j:(i,))€E

(v —v2)% + (W —v3)* + (Vo —vg)* + (V3 — 1y)?




RN

2
viLv = 2 (vi - Uj) &
i<j:(i,))€E

o HEAWURIGHE—MEv;, v LoZIE 4RI 5 BE R 2 #9705 Al

(v —v2)% + (W —v3)* + (Vo —vg)* + (V3 — 1y)?

v' Ly E/N BRI AR A R v E
il ALAZ N 4 4 A IR A%




RN

LEFFEE SRR R 2 & T EIHVF 2 RHE
> BHOH—AFLE A0




RN

LEFFEE SRR R 2 & T EIHVF 2 RHE
> B2 AREE A0

K AL By = L/i_ % \/i_ SiFLy = 0v

SRR

[ Josd - G i 5 B P T L A T 2 AR A0




RN

LEFFEE SRR R 2 & T EIHVF 2 RHE
> BHOH—AFLE A0
> FRAEE R BT T 1B B A5

'




RN

LIRS R I A T M 24T
> BH—AFHEE A0 Lexanple =

1 0 0 0 -1

> FRAEAE B A BT B B AL o 1 2 1 o
0 -1 -1 2 0

-1 0 0 0 1

>> [Vexample,Dexample]=eig(Lexample)

Vexample =
-0.7071 0 -0.7071 0 0
1 0 0 0 —17 0 0.5774 0 0.5164 -0.6325
0 0.5774 0 -0.8059 -0.1310
o o O 2 -1 -1 0 o  0.5774 0  0.2895  0.7634
L=|0 -1 2 1 0 -0.7071 0 0.7071 0 0

0 -1 -1 2 0 )
__1 0 0 O 1 ] Dexample =

0 0 0 0 0
0 0.0000 0 0 0
0 0 2.0000 0 0
0 0 0 3.0000 0
0 0 0 0 3.0000

ERE: FHEREAME—
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

LR SEXTRR R AT 45

V4 = arg max v/ Lv
[[VII=T

(fiIEHH 2 W .Courant-Fischer iz /N K EFH)

B B AR BB Y Ly, = vidvy = Ay (BHRKHFAENE)

EFE 5| H Christopher Musco <NYU CS-GY 6763: Algorithmic Machine Learning and Data Science>
Y a[ % ) Xianyi Zeng <UTEP MATH 5330: Computational Methods of Linear Algebra>

VL % Wing-Kin Ma <CUHK ENGG 5781: Matrix Analysis and Computations>
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

HIL SR FRAERE R A . (IEWZ: W Courant-Fischerfi /N e K g B

V4 = arg max v/ Lv
[IVII=T

V, = argmax V'Lv
|Iv||=1,vLvy

V3= argmax V'Lv
|IV||=1,vLv1,v7

Vp = arg max v/ Lv
|Iv||=1,vLv1,...,vn_1

EFE 5| H Christopher Musco <NYU CS-GY 6763: Algorithmic Machine Learning and Data Science>
Y a[ % ) Xianyi Zeng <UTEP MATH 5330: Computational Methods of Linear Algebra>
VL % Wing-Kin Ma <CUHK ENGG 5781: Matrix Analysis and Computations>



AR ]

FﬁvlinJ ’vn%i_\‘l‘ﬂgi'qu%:ﬁlzﬁﬁ (myk;’j‘ﬁill = )'2 = 2 An = O)

LR SEXTRR R AT 45

(i B £ W, Courant-Fischerf /N K @ )

V4 = arg max v/ Lv
Iv[|=1

V) = arg max v/ Lv
|Iv||="1,vLv,

|Iv||=1,vLvq,v2

Vp = arg max
|Iv||=1,vLv1,...,vn_1

V3 = arg max v/ Lv

viLv

vilvy = vi4vy = Ay (BHRRAFAEME)
viLlv, = vyAv; = A (BVEE Z RAFAEME)

vilvs = vilsvs = 13 (B =RAFEME)

vnlvy, = vpdav, = Ay (BHER/MFIESE)

EFE 5| H Christopher Musco <NYU CS-GY 6763: Algorithmic Machine Learning and Data Science>
Y a[ % ) Xianyi Zeng <UTEP MATH 5330: Computational Methods of Linear Algebra>

VL % Wing-Kin Ma <CUHK ENGG 5781: Matrix Analysis and Computations>
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

LR SEXTRR R AT 45

V4 = arg max v/ Lv
[[VII=T

IR
HPR—: HLBBRAHRHIE R Bv,, vy, ..., v RMER AL B = X (v;, )y,

BB BLE WY, v v, FIFIEHALT BAREEAEY,; A(v, v)?

A= WoRBIE, AX(v,v)° =1, BHERRERKREHRL, Hv = v 07
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

LR SEXTRR R AT 45

V, = argmax V'Lv
|Iv||=1,vLvy

IR
HPR—: HLB BRI B, vy, ..., U RMER AL BY = X,.1(v;, 1),

SRR BLE WY, v v, FIHIESSHAL T B AR EEY, 1 Ai(v, v)°

BR= WvRBAE, AX(v,v)° =1, BHEEREERRENL,, v =v,]1F5
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FﬁvlinJ ’vn%i_\‘l‘ﬂgi'qu%:ﬁlzﬁﬁ (myk;’j‘ﬁill = )'2 = 2 An = O)

LR SEXTRR R AT 45

V4 = arg max v/ Lv
[IVII=T

V, = argmax V'Lv
|Iv||=1,vLvy

|Iv||=1,vLvq,v2

Vp = arg max
|Iv||=1,vLv1,...,vn_1

V3= argmax V'Lv

viLv

Vp = arg min v/ Lv
Iv[[=1

Vh_1 = argmin v/ Lv
|Iv]|=1,vLvn

Vn_ ) = arg min viLv
||V[|[=1,vLVn,Vh_1

Vi= argmin V'Lv
IV||[=",vLvn,...,v;

EFE 5| H Christopher Musco <NYU CS-GY 6763: Algorithmic Machine Learning and Data Science>

Y a[ % ) Xianyi Zeng <UTEP MATH 5330: Computational Methods of Linear Algebra>

VL % Wing-Kin Ma <CUHK ENGG 5781: Matrix Analysis and Computations>
. A



AR ]

Wy, v, ., Vi FRRLBY AR R 2 (RIS A, 2 2, = - 2 2, 2 0)

BB LY = 3, pyee(vi — v;)” CHIARTH 25 M9 25 BT J5 )

: T
V1 = arg max vLv Vp = arg max v/Lv Vy = arg min v’ Lv ViR=s argmin  V'Lv

[|v]|=1 IVI|I=1,vLvs,...,vn_1 [[v]|=1 [Iv[|=1,vLvn,...,v2
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Wy, v, ., Vi FRRLBY AR R 2 (RIS A, 2 2, = - 2 2, 2 0)

BB LY = 3, pyee(vi — v;)” CHIARTH 25 M9 25 BT J5 )

> FHEF RV, = [V, V12, o v1n]" 0 XHEERRI ST, v1i5”1j*5%ﬁj(

: T
V1 = arg max vLv Vp = arg max v/Lv Vy = arg min v’ Lv ViR=s argmin  V'Lv

[|v]|=1 IVI|I=1,vLvs,...,vn_1 [[v]|=1 [Iv[|=1,vLvn,...,v2
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

BBV LY = 3 yee(Vi — v;)° GRIABTI 2 R A9 22 05 )
> FHER &Y, = [v11, Vig, ., vin]" 0 AHHSE RIS, v1i5”1j*5%ﬁj(
> ..
> q%‘:ﬁEﬁﬁvn—l = [vn—l,livn—l,ZJ ---:vn—l,n]T: Xj*ﬁ@ﬁ,‘ﬁl—%], vn—l,i—%vn—l,j*ﬁﬁfgé/]\

» q%“ﬁ'ﬂﬁﬁvn — [vnlr Un2y «e) vnn]T: Xj‘*HQB)#:l—%]’ vni—%vnjjtﬁ%

N Yy 2
Al viLv, = viA v, =1, =0, WﬁEﬁziq;(i,]‘)eg(vni - vnj) =0

: T
V1 = arg max vLv Vp = arg max v/Lv Vy = arg min v’ Lv ViR=s argmin  V'Lv

[Iv]|=1 [IV||[=1,vLv1,...,v0—1 [Iv]|=1 [IVII=1,vLvn,...,v2
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

> FHEREY, . NSRS, vEv  HEER

/4 =} T . . S
> q%"ﬂEﬁEvn—l = [vn—l,li vn—l,Z» ey vn—l,n] . Xﬁﬁ?ﬁ)ﬁ“ﬁ] ’ vn—l,i—%vn—l,j*ﬁﬁtﬁvj\
> q%‘ﬁ'ﬂﬁﬁvn - [vnlr Un2s vnn]T: Xj‘*HQB)#:l—%]’ vni—%vnjjtﬁ%




AR ]

FﬁvlinJ ’vn%i_\‘l‘ﬂgi'qu%:ﬁlzﬁﬁ (myk;’j‘ﬁill = )'2 = 2 An = O)

> FHEREY, . NSRS, vEv  HEER

4 = T . . .
> FHEIR v, = [vn—1,1;vn—1,2; ---;vn—1,n] : XAAHAR RIS, vn—l,i—'?vn—1,j$H%fB€/J‘
> FHER BV, = [Vag, Vnas oo Vnnl " 0 RSB RIS), vp Hon 5%

Lexample =
1 -1 0 0
-1 3 -1 -1
0 -1 2 -1
0 -1 -1 2

>> [Vexample,Dexamplel=eig(Lexample)

Vexample =

0.5000 0.8165 |-0.0000 0.2887
0.5000 0.0000 |-0.0000 | —0.8660
0.5000 ||-0.4082 |-0.7071 0.2887
0.5000 ||-0.4082 0.7071 0.2887

Un || Yn-1 U
Dexample =
0.0000 0 0 0
0 1.0000 0 0
0 0 3.0000 0

0 0 0 4.0000
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

> FHEREY, . NSRS, vEv  HEER

/4 =} T . . S
> q%"ﬂEﬁEvn—l = [vn—l,li vn—l,Z» ey vn—l,n] . Xﬁﬁ?ﬁ)ﬁ“ﬁ] ’ vn—l,i—%vn—l,j*ﬁﬁtﬁvj\
> q%‘ﬁ'ﬂﬁﬁvn - [vnlr Un2s vnn]T: Xj‘*HQB)#:l—%]’ vni—%vnjjtﬁ%

204~ T4 A Y 1
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FﬁvlinJ rvn%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (myk;’j‘ﬁill = )'2 = 2 An = O)

> FHEREY, . NSRS, vEv  HEER

4 = T . . .
> FHEIR v, = [vn—1,1; Un—1,2s s vn—1,n] : XAAHAR RIS, vn—l,i—lﬁvn—Lj*H%zBUJ‘
> FHER BV, = [Vn1, Vngs o) Unnl 0 XFHERRIS), vni 5vn %

20T i 3% B A T
o | LA E R B, 5,
e | 20/ 43 0l
V2 g o (11, 121), W12, V22), vy (V1,200 V2,20)
: o | BB P R R R (A
" s | WHPISLL)
_ o 02 largest eigenvector ‘loji o4
(FFAEAEAH [F AR D)

L H Tim Roughgarden and Gregory Valiant <CS 168 - The Modern Algorithmic Toolbox>
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FﬁvlinJ rvn%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (myk;’j‘ﬁill = )'2 = 2 An = O)

> FHEREY, . NSRS, vEv  HEER

P = T C e .
> q%‘:ﬂEﬁE‘vn—l = [vn—1,1: vn—l,Z: ey vn—l,n] . X?‘H;HQB)#J—%] ’ vn—l,i—%vn—l,j*ﬁﬁfﬁad\
[vnlran! "'rvnn]T: Xj‘j:ﬁ/\iflg)#:l—%], vni—%vnjjtﬁ%

> FHE &V,

204~ T4 A Y 1

0.3

0.21

0.1

second-largest eigenvector
o

-0.2

0 0.2
largest eigenvector vl

(FFAEAEAA TF] 15 D)

0.4

<
3

N

third-lowest eigenvector

0.4

0.3y

0.21

0.1f

o

|
e
2

I
2
o

-0.3}

-0.4

20.4

-0.2 0 0.2 0.4
second-lowest eigenvector vn -1

(I R v B RS, SR Ev,)

L H Tim Roughgarden and Gregory Valiant <CS 168 - The Modern Algorithmic Toolbox>
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FﬁvlinJ :vni%i_\‘l‘ﬂgi'qu%:’ﬁlzﬁﬁ (ﬁk?kxﬂ‘ﬁ‘l/h = )'2 = 2 An = O)

> FHEREY, . NSRS, vEv  HEER

/4 =} T . . S
> q%"ﬂEﬁEvn—l = [vn—l,li vn—l,Z» ey vn—l,n] . Xﬁﬁ?ﬁ)ﬁ“ﬁ] ’ vn—l,i—%vn—l,j*ﬁﬁtﬁvj\
> q%‘ﬁ'ﬂﬁﬁvn - [vnlr Un2s vnn]T: Xj‘*HQB)#:l—%]’ vni—%vnjjtﬁ%

4004 s 41 B 20x 20 i A% 4R [




AR ]

> FHEREY, . NSRS, vEv  HEER

p - T . e .
> FHERBv,— = [Vn—1,1»77n—1,2; ---»Vn—1,n] : MRS, Vn—1,i577n—1,j7m%?lﬁlj\
> q%"ﬁ“ﬁ'ﬁvn = [Vn1, Vn2, -, vnn]T: Xd‘*HQB)#:l—%]’ vni—%vnj*ﬁ%

400/ T kg R 20x20 A% 1R 3

0.15 : 0.4
. 0.1¢ E
S s
@ 0.05} = 005}
g 2
[ o—
v, O Vot
23 n—29 o!
S s 0#
2 _0.05] 2
T i
g =
Q
g 0 ~ _0.05}
(7]
-0.15
-0. : ' - 0.1 : - -
°31 -0.05 0 0.05 0.1 20.1 -005 0 0.05 0.1
largest eigenvector 7 second-lowest eigenvector UV, _ 1

L H Tim Roughgarden and Gregory Valiant <CS 168 - The Modern Algorithmic Toolbox>
e



PR

PR (spectral embedding) : g E[HEEA TR IRBURAER R (I — 8GR
R) 5 SEEAHAR TR A R

fil: BATRH YRR (BRI B TR)




PR (spectral embedding) : g E[HEEA TR IRBURAER R (I — 8GR
R) 5 SEEAHAR TR A R

fil: BATRH YRR (BRI B TR)

Li=
3 -1 -1 -1 0 0 0 0
-1 3 =il -1 0 0 0 0
-1 -1 3 -1 0 0 0 0
-1 -1 = 4 -1 0 0 0
0 0 0 =1 4 -1 -1 -1
0 0 (/] 0 -1 3 -1 -1
0 0 0 0 -1 -1 3 -1
0 0 0 0 -1 -1 -1 3
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PR (spectral embedding) : g E[HEEA TR IRBURAER R (I — 8GR

R) 5 SEEAHAR TR A R

fil: BATRH YRR (BRI B TR)

>> [V,D]=eig(L)

V =

0.3536 -0.3825 0.0560
0.3536 -0.3825 0.3675
0.3536 -0.3825 -0.6572
0.3536 -0.2470 0.2336
0.3536 0.2470 0.2336
0.3536 0.3825 -0.4999
0.3536 0.3825 0.2662
0.3536 0.3825 0.0000
Un || Vn-1
D=

—-0.0000 0 [}
0 0.3542 0

(7] 0 4.0000

(7] 0 [}

0 0 [}

0 0 0

[} 0 [}

(7] 0 [}

-0.1090
—-0.4547
0.4485
0.1152
0.1152
—-0.5806
0.4654
0.0000

4.000

(SIS IS RS CS IR IS IS

-0.
-0.
-0.
.5239
.5239
.0196
-0.
-0.

.000

0624
3807
0808

5435
0000

(SIS IS IS TIRCS TR JS)

0.8288
-0.4681
-0.2576
-0.1031
-0.1031

0.0299

0.0733

0.0000

4.000

(SIS IS RS ICSRRS IS J S

0.0495
0.0495
0.0495
-0.1485
-0.1485
—-0.3466
—-0.3466
0.8416

. 1426
. 1426
. 1426
.6626
0.6626
-0.1426
-0.1426
-0.1426

(SRS IS RS




TR (spectral embedding) : AEHEEATI S HRBURGER R (W — A28
) FEASFHART A A R s

fil: BATRH YRR (BRI B TR)

1

08
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02F

o O O O O -
oof 1,23 4 5 6,7,8 |
-0.3825 il
-0.3825
-0.3825 A
-0.2470
0.2470 i
0.3825
0.3825 _1 1 1 1 1 1 1 1 1 1
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VUn-1
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PR (spectral embedding) : g E[HEEA TR IRBURAER R (I — 8GR
R) 5 SEEAHAR TR A R

il A TR A EEITTR (TR ETR?)

>> [V,D]=eig(L)

V =
0.3536 | -0.3825 0.0560 -0.1090 -0.0624 0.8288 0.0495 0.1426
0.3536 | -0.3825 0.3675 -0.4547 -0.3807 -0.4681 0.0495 0.1426
0.3536 | -0.3825 |-0.6572 0.4485 -0.0808 -0.2576 0.0495 0.1426
0.3536 | -0.2470 0.2336 0.1152 0.5239 -0.1031 -0.1485 -0.6626
0.3536 0.2470 0.2336 0.1152 0.5239 -0.1031 -0.1485 0.6626
0.3536 0.3825 -0.4999 -0.5806 0.0196 0.0299 -0.3466 -0.1426
0.3536 0.3825 0.2662 0.4654 -0.5435 0.0733 -0.3466 -0.1426
0.3536 0.3825 0.0000 0.0000 -0.0000 0.0000 0.8416 -0.1426

Un-1| Un-2

D =
-0.0000 0 0 0 0 0 0 0
0 0.3542 0 0 0 0 0 0
0 0 4.0000 0 0 0 0 0
0 0 0 4.0000 0 0 0 0
0 0 0 0 4.0000 0 0 0
0 0 0 0 0 4.0000 0 0
0 0 0 0 0 0 4.0000 0
0 0 0 0 0 0 0 5.6458




TR (spectral embedding) : AEHEEATI S HRBURGER R (W — A28
) FEASFHART A A R s

il A TR A EEITTR (TR ETR?)

IO 7
o 2 0 o ©
o 4 5
o O
1
8
02}
-0.3825 0.0560
-0.3825 0.3675 04F
-0.3825 -0.6572 O
-0.2470 0.2336 3
0.2470 0.2336 06|
0.3825 -0.4999 6
0.3825 0.2662
0.3825 9.0000 O s o4 03 0z o 0 o1 02 03 04 05
Un-1| Un-2
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PEH#R N\ (spectral embedding)
) s BRI A A ALY R R

Bl FATRHAEZAEEFR (ENTRNRABETR®)

A B EEA T S ERBRAER R (I — A S8k

V =

.3536
.3536
.3536
.3536
.3536
.3536
.3536
.3536

[SESTRCSIECS RS IS IS IS

(SIS IS ISR CS IS IS

>> [V,D]=eig(L)

-0.3825 0.0560 -0.1090
-0.3825 0.3675 -0.4547
-0.3825 -0.6572 0.4485
-0.2470 0.2336 0.1152
0.2470 0.2336 0.1152
0.3825 -0.4999 -0.5806
0.3825 0.2662 0.4654
0.3825 0.0000 0.0000
VUn-1| Vn-2 Un-3
0 0 0
0.3542 0 0
0 4.0000 0
0 0 4.0000
0 0 0
0 0 0
0 0 0
0 0 0

-0.
-0.
-0.
.5239
.5239
.0196
-0.
-0.

.000

0624
3807
0808

5435
0000
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.8288
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-0.
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.0733
.0000
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2576
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[
S
(SIS IS RS ICSRRS IS J S

. 0495
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.8416
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PR (spectral embedding) : g E[HEEA TR IRBURAER R (I — 8GR
R) 5 SEEAHAR TR A R

Bl FATRHAEZAEEFR (ENTRNRABETR®)

—-0.3825 0.0560 J-0.1090
—-0.3825 0.3675 [-0.4547
-0.3825 |-0.6572 0.4485
-0.2470 0.2336 0.1152
0.2470 0.2336 0.1152
0.3825 |-0.4999 [-0.5806
0.3825 0.2662 0.4654
0.3825 0.0000 0.0000

VUn-1| Un-2 vn—S
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WK (spectral clustering) : WNATARYE &I B3 (AILAYHRRAE(E) X IEIP IR 2R




PSR

WK (spectral clustering) : WNATARYE &I B3 (AILAYHRRAE(E) X IEIP IR 2R

An information flow model for conflict and fission in small groups

WW Zachary - Journal of anthropological research, 1977 - journals.uchicago.edu

Data from a voluntary association are used to construct a new formal model for a traditional
anthropological problem, fission in small groups. The process leading to fission is viewed as
an unequal flow of sentiments and information across the ties in a social network. This flow

is unequal because it is uniquely constrained by the contextual range and sensitivity of each
relationship in the network. The subsequent differential sharing of sentiments leads to the
formation of subgroups with more internal stability than the group as a whole, and results in ...
Y¢ Save P9 Cite Cited by 5329 Related articles All 13 versions
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FrEUHWW Zachary <An Information Flow Model for Conflict and Fission in Small Groups>, Wikipedia <Zachary's karate club>
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WK (spectral clustering) : WNATARYE &I B3 (AILAYHRRAE(E) X IEIP IR 2R

B33 3:‘\$1; 2 X
/IR Cas S AN
/ v‘?}"‘ﬁ\\‘\N

(a) Zachary Karate Club Graph

J I H Christopher Musco <NYU CS-GY 6763 - Algorithmic Machine Learning and Data Science>
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WK (spectral clustering) : JNTARYE BB (CRILAYRRAE(E) X BT

RR?
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7 NN\ . e ® -
I 7o UNINNNN\T ‘ N o
7 "\‘N&% g o

(a) Zachary Karate Club Graph

R R M A B T -

(1) fpgt 2 Mg 2 MR (2) MR IE DLy 2 S b AR etk IR 3 1nls

J I H Christopher Musco <NYU CS-GY 6763 - Algorithmic Machine Learning and Data Science>
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Mg & B (Sparsest Cut)
meg =W,&), KM M

Ccut(S, v\ S)
sev min{[S|, [V \S[}
Hrp, cut(s, V\ SREMEMANTHRESS SV \ SHELEH -

* R GnfeT AR 1 o3 U TRIEE, AT 26 A ] B4 925



bV

Mg & B (Sparsest Cut)
meg =W,&), KM M

o cut(S, )\ S)
sev min{[S|, [V \S[}
Hrp, cut(s, V\ SREMEMANTHRESS SV \ SHELEH -

cut(s,V\ §) = 3
min{|S|, |V \ §|} = min{5,3} = 3

Hbr b BUE A 1
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Mg & B (Sparsest Cut)
meg =W,&), KM M

o cut(S, )\ S)
sev min{[S|, [V \S[}
Hrp, cut(s, V\ SREMEMANTHRESS SV \ SHELEH -

cut(s,V\8) =1
min{|S|, |V \ §|} = min{4,4} = 4

1k B R A
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Ml (Sparsest Cut)

4G =V,8), KMULThIE:
(S, v\ )
Sev min{|S|, [V \ S|}’
Hrp, cut(S, V\S)BMEMANTIRESSEV \ SHLEHE -

JRERUN cut(S, V\ §): R 2 A &R R0 B 2R RS

R min{[S], 1V \ S[}: 8648 lHA 5 S K/ R

b B A 1 1k B S A b B A 3




WA 2K

Mg & B (Sparsest Cut)
meg =W,&), KM M

. ocut(S,V\S)
sev min{[S|, [V \S[}

Hrp, cut(s, V\ SRBMEEHATRESSEV \ SHHHEH

NPHERIE, —ff GEPBL) MPTTSE: FHDE Bl R F SO M GBI EUR i 1RSI AL




WA 2K

P # b (Sparsest Cut)
%G =W, E), KMLLTRIE:
o cut(S, )\ S)
sev min{[S|, [V \S[}
Hrp, cut(s, V\ SREMEMANTHRESS SV \ SHELEH -

Mgy € {-1,1}" (BprGv, RRBII1E—1) FR& T s gl 2 A5 4
v, = —IR M IIRIBRIZIZESES, v = INNMIIDRIBRIZIEEV\ S

/
7
/ v=[-1 -1 -1 -1 -1 1 1 1T




WA 2K

Mg & B (Sparsest Cut)
meg =W,&), KM M

. ocut(S,V\S)
sev min{[S|, [V \S[}

Hrp, cut(s, V\ SRBMEEHATRESSEV \ SHHHEH

Y € (—1,1}" (BIFifv RIS 1) FR & DU BRI B R 4
v = UM IHRIBIEES, v = DS IURBRIBIEEY \ S
KRR : 1 o DR

s.t. vT1 =0,
var.v € {—1,1}".




WA 2K

Fbi ) )& (Sparsest Cut)
4G =V,8), KMULThIE:
cut(s,V\ S)

T (S, [V \ S|}
Hep, cut(S, V\ S)EMEMNANTHREASEV \ SHILEHE

Mgy € {-1,1}" (BprGv, RRBII1E—1) FR& T s gl 2 A5 4
v, = —IR M IIRIBRIZIZESES, v = INNMIIDRIBRIZIEEV\ S

BEMBGED: 1 o )
i 4;7 v [l it H AR B v Ly = Zi<j:(i,j)e£(vi - vj)
s.t. v'1 =0,

var.v € {—1,1}*. SIEEHFVELT, v'Ly = 4cut(S,V\ S)




WA 2K

Fbi ) )& (Sparsest Cut)
4G =V,8), KMULThIE:
cut(s,V\ S)

T (S, [V \ S|}
Hep, cut(S, V\ S)EMEMNANTHREASEV \ SHILEHE

Mgy € {-1,1}" (BprGv, RRBII1E—1) FR& T s gl 2 A5 4
v, = —IR M IIRIBRIZIZESES, v = INNMIIDRIBRIZIEEV\ S

Wz TS Tl B e AT > -
'Iﬂﬁlﬁjﬂ‘.ﬁ,fuj‘j' minlvTLv v7:1 :Tvl + vz + .-+ le
thl 0 kv 1 =V \S§|—|S]
S. t. =0,

var.v € {—1,1}".




Mg & B (Sparsest Cut)
meg =W,&), KM M

Ccut(S, v\ S)
sev min{[S|, [V \S[}
Hrp, cut(s, V\ SREMEMANTHRESS SV \ SHELEH -

Higv € (-1,1}" (BIprfAv; R 1E—1) RaS A gRIZIEAN 5
v; = — 1IN NMIRIFERIZIEESS, v = DINTIRIEIBEEV\S
KRMBEM N : 1, V1= v, 4, + ot

m1n4;7 Lv g vT11: IVZ\Sl o

s.t. v'1=0,

var.v € {—1,13"  KJERBHEE Kmin{|S|, [V \ S|} H #E
AERLRv'1=0, VS| =S|
(BECAIS|+ |V \ SIBER €, —3&5H5EH
min{|S], [V \ SIME&RK)
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Figi &) 5] (Sparsest Cut)
HEG=W,8), KM A
Cocut(S, '\ S)
sev min{[S|, [V \S[}
Hep, cut(S, V\ S)EMEMNANTHREASEV \ SHILEHE

Mgy € {(-1,1}" (BIprGv B 18—1) FRa& Tl 2 AR5
v, = —IR M IIRIBRIZIZESES, v = INNMIIDRIBRIZIEEV\ S

AP a1

1
minZvTLv
s.t. vI1 =0,

var.v € {—1,1}".

T U SR AL B A B A P




WA 2K

Mg & B (Sparsest Cut)
meg =W,&), KM M

. ocut(S,V\S)
sev min{[S|, [V \S[}

Hrp, cut(s, V\ SRBMEEHATRESSEV \ SHHHEH

Mgy € {(-1,1}" (BIprGv B 18—1) FRa& Tl 2 AR5
v, = —IR M IIRIBRIZIZESES, v = INNMIIDRIBRIZIEEV\ S

UL AL [ 7 UL (7] 72

. 1
ming vy W (TG | e i, R 0RIE T
st v'1=0, stvI1=0, | STy aHCE R (ATHHEE %)
var.v € {—1,1}". var.v € R".

T U SR AL B A B A P




MWK

ULAL) [F] 72

AL o
mmZv Lv
s.t. vT1 =0,

var.v € R™.

(2 U e FRE AN B R &)




[e] i - LH’Jﬂi/M#ﬁE{EXT VA $1'ﬂ%%ﬁ|5[ﬁ§

3 B i [
H 2K I
~ \/— \/_ \/_

UL 7] 72

1 . min v’ Lv
i s.t. vTv, =0,
s.t. vT1 =0, v = 1,

ULAL) [F] 72

min—v'Lv

4

var.v € R™. var.v € R™.

(2 U e FRE AN B R &)




MWK

ULAL) [F] 72

UL 7] 72

min 1vT Lv min v’ Ly
4 s.t. vTv, =0,
s.t. vI1 =0, lv|| =1,

var.v € R™. var.v € R™.

(2 U e FRE AN B R &)

[e] i i T A 24
Courant-Fischerf /N K E
_ eyt
= e FEA, 36 2183 1t B0
Vo= argmin VILv BB R 55—/ A 6 5 OB GE ) Bw,_y
|IV||=1,vLvn




bV

Mg & B (Sparsest Cut)
meg =W,&), KM M

Ccut(S, v\ S)
sev min{[S|, [V \S[}
Hrp, cut(s, V\ SREMEMANTHRESS SV \ SHELEH -

R T A AN 40
(1) VA GRS L R L
(2) HEHERELASE —/NRAEAEXS B AL R B vy, o
(3) BT EY, 1 B HRIBEESHERTV\ S (WAOSHE R F)
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BT 5 VR W AR 43
(1) VA GRS LA R L

(2) HERHEFELISE —/NREEX B B R R vy,
(3) BT EY,— B HRIBEEGSHEERTV\ S (WAOSHE R F)
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& H-BX HJianjun Cheng et. al, <A Divisive Spectral Method for Network Community Detection>
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R T A AN 40

(1) VA GRS LA R L

(2) HERHEFELISE —/NREEX B B R R vy,

(3) BT EY,— B HRIBEEGSHEERTV\ S (WAOSHE R F)
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J i H Enhong Chen and Linli Xu <Machine Learning and Knowledge Discovery — Spectral Clustering>
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R T A AN 40
(1) VA GRS LA R L
(2) HERHEFELISE —/NREEX B B R R vy,
(3) RBEEANTRL I E, - B HRIBEEGSHERV\ S (WLOSHE R F)

J i H Enhong Chen and Linli Xu <Machine Learning and Knowledge Discovery — Spectral Clustering>
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Tim Roughgarden and Gregory Valiant <CS 168 - The Modern Algorithmic Toolbox> Lecture Notes
Cameron Musco <COMPSCI 514 - Algorithms for Data Science> Slides

Christopher Musco <NYU CS-GY 6763 - Algorithmic Machine Learning and Data Science> Slides
Xianyi Zeng <UTEP MATH 5330 - Computational Methods of Linear Algebra> Lecture Notes
Wing-Kin Ma <CUHK ENGG 5781 - Matrix Analysis and Computations> Lecture Notes

WW Zachary <An Information Flow Model for Conflict and Fission in Small Groups> Paper
Wikipedia <Zachary's karate club> Page

Jianjun Cheng et. al, <A Divisive Spectral Method for Network Community Detection> Paper

Enhong Chen and Linli Xu <Machine Learning and Knowledge Discovery - Spectral Clustering> Slides







