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min f(x)
var. x € R™,

HoAr, f ()& B gkl i)t R %L

0 WIaAfb 24w fifa® Kt = 0

1 e TR mdt g

2 e Kat >0 *Ti

3 BFIMEIF: 2 =at +atd

4 e IR AR #F)”J L. BN, t e« t+ 1 HIREN

\

T H R A




TR

min f(x)
var. x € R".

Hrp, fo)& ZFrsE s ] i R 4L

TR (—RIE)
0 #IHL Y mifiEx® fet = 0
1 #E TR mdt
2 HESKat >0
3 HHMEIE: T =xt + aldt

4 FWREIEALEMAA: T, ¢ o+ 1R
N

\

EH KA IV D2/ ERBBRIE

g5t - 4 R LR FEER ARV (™) = 0



TR

0 WA LY mifFEx® Kt = 0

1 HhE T %7 md

2 HiESKat >0

3 BFIMEIF: 2 =t +aldt

4 FNVFHD/NTREMLER B0, ¢« t+ 1HRM1

T YA SR R B AR B EL A Bo Jiang <CS257 Linear and Convex Optimization>
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0 PIas b Y wififa® Kt = 0

1 HhE T %7 md

2 ML Kat >0

3 BHYHME: 2 =t +atd

4 FNVFE DT EREMNZ R B, t«t+ 1HRME1

AHIRA AL R BAE TR T T, d° R e -

(VF(x)) dt <0

SRR f () df <0, BIdTES (RS
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0 WA LY mifFEx® Kt = 0

1 HhE T %7 md

2 HiESKat >0

3 BHIMEIF: 2 =at +atd

4 FZIVF DN T RENZER: B/, ¢t « ¢+ 1HRE1

AR AR B S TR T, dE R
(VF(x)) dt <0
PR R B — B A PR AT RE A £ () < (), W) s e PR s AU

] GO SUAEMAEC LR — B T SRR, B f (o) R A T B4 2 :
Bl shEdixy €. B = f() + V-1
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0 PIas b Y wififa® Kt = 0

1 HhE T %7 md

2 ML Kat >0

3 BHYHME: 2 =t +atd

4 FNVFE DT EREMNZ R B, t«t+ 1HRME1

AHIRA AL R BAE TR T T, d° R e -

(VF(x)) dt <0

PO TR Wit d' = -Vf(x") (FEVS(x%) # O, HEA%EN)




B BE T I
0 FHafk Y Hil figx® Kt = 0

T R I T = —Vf(x0)
3 EHRLER: 2 = &+ atdt
4 FNVF Dl NFREMAH: B0, ¢« ¢+ LHIRMA!

PRI BRI (—4)

Taylor's theorem!“/°)6] — | et k> 1 be an integer and let the function f: R = R be ktimes differentiable at the point a € R. Then there exists

a function h, : R = R such that

1 (%)
) = f@) + F@)e-a) + T2 @ —ap 4+ Tt mia) e - o),
and

lim Ay (2z) = 0.

Ir—a

This is called the Peano form of the remainder.

fOOYE x = alff B BUE AT A FH —Br S5 Bz -

f(x)=f(a)+ (x—a)f'(a)




B BE T I
0 FHafk Y Hil figx® Kt = 0

A 1 HE TR A = V()
*%IX I\ IS%&% 2 Wy Kat >0

3 AT AR x0T = xf + atd!

4 FIVFGEDIATFREMEA: F, ¢ - ¢+ LHER

PRI ZR BT (—4E)

fOOTE x = alit AU AT FIF — B S5 B -
f&) = fla) + (x —a)f'(a)

PRI ZR BT (S54E)

fOFE x = alf iz B BUE R ) AR B AR B -

() ~ f(@) + (Vf(@)' (x—a)




e T FRE

f COXE x = alf i) BE A A BE 5 B AU -

) ~ f(@) + (Vf(@) (x—a)

f]: Xff(x) =e*r +e*2, Vf(x) = (e¥,e*2)", FhfEx = (0.6, —0.6)HJJEIT




e T FRE

f COXE x = alf i) BE A A BE 5 B AU -

) ~ f(@) + (Vf(@) (x—a)
Bl: Xf(x) = e¥1 +e*2, Vf(x) = (e¥,e*2)T, H#ifix = (0.6,—0.6) [ JEIF

Funtion:[e"x + ey ]

Point P=(0.6,-0.6)
Xy = 0.6

®
Yg=-0.6

@®

First degree Taylor polynomial
Pl(x,y) = €*® + e %% + & (x — 0.6) + e % (y + 0.6)

[:] Second degree Taylor polynomial

B B 3 https:/ /www.geogebra.org/m/Ehnz3hGb
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B BE T I
0 FHafk Y Hil figx® Kt = 0

A 1 HE TR A = V()
*%IX I\ IS%&% 2 Wy Kat >0

3 AT AR x0T = xf + atd!

4 FIVFGEDIATFREMEA: F, ¢ - ¢+ LHER

() ~ f(@) + (Vf(@)' (x—a)
MR, AU, RV ()R (et ) e B

Ft*) ~ f(x) + at (VF(xH))' dt

fRilldill, =1, anfased ol Ll AMEf (af1) 2




B BE T I
0 FHafk Y Hil figx® Kt = 0

A 1 HE TR A = V()
*%IX I\ IS%&% 2 Wy Kat >0

3 AT AR x0T = xf + atd!

4 FIVFGEDIATFREMEA: F, ¢ - ¢+ LHER

f(x) = f@) + (Vf(@)' (x—a)
Wt NG, XUERCE, V(R (e ) M2 A
FO) ~ () +at (VD) d!

ity = 1, IRt T LU AMES (x+D) 2

(VD)) dt = IVFQO) Il lldE lcos(Fef)  FIERABUAS

v (x)
\ZgeDIP:

wlldilly =1, d*FF B




e T FRE

A6 BT W3 B WA B
BEf (OBt SE Al fol™ RIS ELASH B2 12 -
ST xy € RMA: IVF(x) = VFW)Il2 < Lllx = yll2o e A RS

(Lipschitz continuity)

xR MEf O MR R RAAR, Yat = a € (0,7], FEME FIETA:

f) = F) < —llx° = x5




e T FRE

B WA WA e

BEf ()2 — Bt 2 ol o™ R A5 LA JBE T A2 -
SHHifxy € RMG: |IVF(x) =Vl < Lllx =yl I 75 IR

(Lipschitz continuity)

xR MEf O MR R RAAR, Yat = a € (0,7], FEME FIETA:

fxt) = Fx) < s lIx° — 7113

WA O AR 2

B EENS : RO (3)

HIRGH - f() <1070, AT T4 120 — X'l




FRw = (wy, wy)" BRI

PR T BT (R4 FEASE I — AT B i)
SpEEE  (L2TE4L) PRZED

) 1 . . 0.7993 -6.2909 -39.2102
min — ||Aw — b||5 + A||w||5
M . -9.4848 -12.0385 -81.6599
var,. w € R".
4.1149 -2.5394 25.1117

NTARSED = 2a; + 5a; + N (0,20) B304 L




7[%)5# P IK%& ANTARHED = 2a, + 5a, + N(0,20) A4 k304 58

SpEEE  (L2TE4L) PRZED

i > . 0.7993 26.2909 139.2102
min — ||Aw — b[|5 + A[|w||5

M 94848  -12.0385 81.6599
var., w € R"™.
M= 30; 41149 2.5394 25.1117

vectorw = [2; 5];
MatrixA = normrnd(0,10,[M,2]);
vectorb = MatrixA * vectorw + normrnd(0,20,[M,1]);

lambda = 10;

resolution = 50;

x = linspace(-5,5,resolution);

y = linspace(-10,10,resolution);
fori = 1:resolution

for j = 1:resolution

z(i,j) = 1/M * (MatrixA * [x(j), y(i)]' - vectorb)' * (MatrixA * [x(j), y(i)]' - vectorb) + (x(j)*2 + y(i)*2) * lambda;
end

end

surf(x,y,z)

figure(2)

contour(x,y,z,50)
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*%)x P IE%& ANTARHED = 2a, + 5a, + N(0,20) A4 k304 58

SpEEE  (L2TE4L) PRZED

0.7993 -6.2909 -39.2102
-9.4848 -12.0385 -81.6599

1
min — |Aw — b||5 + A||w]|5
var. w € RV,

4.1149 -2.5394 25.1117




7[%)5# P IK%& ANTARHED = 2a, + 5a, + N(0,20) A4 k304 58

SpEEE  (L2TE4L) PRZED

) 1 . . 0.7993 -6.2909 -39.2102
min — ||Aw — b||5 + A||w||5
M . -9.4848 -12.0385 -81.6599
var,. w € R".
4.1149 -2.5394 25.1117

Vilw) = %AT(AW —b) + 2Aw




7[%/ 2 P IK%& ANTARHED = 2a, + 5a, + N (0,20) A k304 5z

SpEEE  (L2TE4L) PRZED

) 1 p 2 0.7993 -6.2909 -39.2102
min — |[|Aw — b||5 + A|[w||5
M . -9.4848 -12.0385 -81.6599
var,. w € R".
iterations = 10; 4.1149 -2.5394 25.1117

alpha =0.002;

solutionw = [-4; -8];

wlhistory = zeros(1,iterations+1);
w2history = zeros(1,iterations+1);
wlhistory(1) = solutionw(1);

w2history(1) = solutionw(2);

for i = 1:iterations

derivative =2 / M * MatrixA' * (MatrixA * solutionw -
vectorb) + 2 * lambda * solutionw;
solutionw = solutionw - alpha * derivative;
wlhistory(i+1) = solutionw(1);
w2history(i+1) = solutionw(2);

end

hold on;

plot(wlhistory, w2history,'r*-')
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7[%15; P B%fi ANTARHED = 2a, + 5a, + N(0,20) A4 k304 58
ALV (21D
min %”AW — b5 + Allwll5 -9..4848 -12..0385 -81'.6599

var. w € RV,

4.1149 -2.5394 25.1117
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1 HhE T %7 md

2 ML Kat >0

3 BHYHME: 2 =t +atd
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PRI BRI (—4)

a function h, : R = R such that

f"(a)

£(z) = fla) + £ ()&~ a) +

and
lim hk(a:) = 0.

Ir—a

This is called the Peano form of the remainder.

(z —a)® +-

f‘” ( )

(x - a)* + hi(2)(z - a)*,

Taylor's theorem!*/°/6] — | et k> 1 be an integer and let the function f: R = R be ktimes differentiable at the point a € R. Then there exists

fOOFE x = alff iy BUE AT A FH — By Al — Fr S5 B bl -

1
fO) = fl@) + (x —a)f'(@) +5 (x —a)*f"(a)

Graph of f{x) = * (blue) with its &
quadratic approximation

Py(X) =1 + x + x%/2 (red) at a = 0. Note
the improvement in the approximation.
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PRI BRI (—4)

fOOTE x = alff I A EUE ] ) H —f@’rfn:f@’r%%,% L) -
f) = fla)+(x—a)f'(a) + E(x —a)*f"(a)

PR BT (Z4E)
fCO)FE x = alff i BOE R ) A BE A0 i AR M B L -

F@) = @ + (V@) (x— ) +5 (x ~ &)V (@)(x - a)




A
f(OFE x = alft iz i BUE R R 6 B R AR R MRS Bl -

1
f@ ~ f@+ (V@) x-a) +5 & - "V f(@(x—a)
fil: Xpf(x) = e*r +e*2, E&fEx = (0.6,—0.6)H I

Funtion:[e’\x + eMy ]

Point P=(0.6,-0.6)
Xg = 0.6

L
Yo=-0.6

L

[:] First degree Taylor polynomial

Second degree Taylor polynomial

ol
<))

P?(x,y) = € + €709 + €% (x — 0.6) + ¢*° (y + 0.6)+ I
L /06 2 06 2 . <
b5 (e- (x—0.6)2+2-0 (x— 0.6 (y + 0.6) + & %5 (y + 0.6) | 4
2

7~ B https:/ /www.geogebra.org/m/Ehnz3hGb
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A
f(OFE x = alft iz i BUE R R 6 B R AR R MRS Bl -

1
f@ ~ f@+ (V@) x-a) +5 & - "V f(@(x—a)
fil: Xpf(x) = e*r +e*2, E&fEx = (0.6,—0.6)H I

Funtion:[e’\x +ely ]

Point P=(0.6,-0.6)
Xy = 0.6

®
Yo=-06

®

First degree Taylor polynomial
Pl(X, y) — e0.6 + e—0.6 + 60'6 (X . 0.6) + e—0.6 (y + 0.6)

Second degree Taylor polynomial
P?(x,y) = €0 4+ 7% 4 € (x — 0.6) + e *® (y + 0.6)+

1 )
> (e0-6 (x—0.6)2+2-0 (x— 0.6 (y +0.6) + e (y + 0.6)*

7~ B https:/ /www.geogebra.org/m/Ehnz3hGb
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- B VR g TR
WS 2 Wi Kat >0

3 HHMEF: 2 =t +aldt

4 FIVF ) /NFREN SR F, t < t+ 1HRE

i

1
f@ ~ f(@+ (V@) (x— @) +7 x - Q)TV?f(a)(x - )

F) ~ Fxt) + (VD) ‘ TVZf(xf>

FOt*) ~ f(x) + (VD)) s + = sTVZf(xt)s

U e FES T DL AMEf ()




TR (B0

0 %ﬂﬁﬁ'fk%ﬁﬁﬁfﬁ&t =0
= i e 1 HE TR 1 dE

i

3 EHARF: 2 = 1+ atd!
4 BNVF DI ATREMLA: 50, ¢ < ¢+ THER

FGt) ~ FGr) + (VF) s 45 8TV (x)s

ARk T sHY N PREL

Example 3.2 Quadratic functions. Consider the quadratic function f : R™ — R, with
dom f = R", given by

f@)=Q1/2)z"Pz+q z+r,

with P € S™, ¢ € R™, and r € R. Since V?f(x) = P for all z, f is convex if and only
if P > 0 (and concave if and only if P < 0).

TR BREEHIRER 5 Stephen Boyd <Convex Optimization> ({i{L IR 2 M 4E, 5] Hl&>67000)
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0 FHARAk Y Hil figx® fet = 0

- 7 1w e e
A 2 B Kat >0
3 E PR 2t = xf + atd!

4 FVF D)l TR B0, ¢ o+ 1 &1

i

FGt) ~ FGr) + (VF) s 45 8TV (x)s
LR SImMES AR SRBE, HA R BCE sl
BEEE N VA(xt) + V2f(xt)s

ERAREEVE () T, As* = —(V2F () V()

Blatdt = —(V2f(xt))” Vf(xb)
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0 WIHAAL 4 i fiRx Kt = O

U W P dE = —(V2f(x) ™ VF(xh)

2 FHRURIR: x0T = 2t + dt

3 FZIVF DI/ TREMENZR: B0, t « ¢+ 1HREN

W S E 73 e
DU WS AR PR

B BRI (Eﬂﬁﬁ)%;%lﬂl&ﬁiﬁ) ;
TEfOZMESAE (VA () HAE (V2 () RIEE4EF)
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- E@E\I‘Yi% AN LHR#ED = 2a, + 5a; + N (0,20) 4305 L

TR

0.7993 -6.2909 -39.2102
-9.4848 -12.0385 -81.6599

1
min MlIAw—bII% + w5
var. w € RV,

2 T 4.1149 -2.5394 25.1117
Vf(w) = MA (Aw — b) + 2w

2 2 T
Vf(W)IMA A+ 211
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- E@E\I‘Yi% AN LHR#ED = 2a, + 5a; + N (0,20) 4305 L

TR

0.7993 -6.2909 -39.2102
-9.4848 -12.0385 -81.6599

o1
ImnRﬂAw—bM+%mW@

var. w € RV,

iterations = 10;
solutionw = [-4; -8]; 4.1149 -2.5394 25.1117
wlhistory = zeros(1,iterations+1);

w2history = zeros(1,iterations+1);

wlhistory(1) = solutionw(1);

w2history(1) = solutionw(2);

for i = l:iterations

derivative =2 / M * MatrixA' * (MatrixA * solutionw -
vectorb) + 2 * lambda * solutionw;

Hessian =2 / M * MatrixA' * MatrixA + 2 * lambda * eye(2);°}
inverse = inv(Hessian); PINNN
solutionw = solutionw - inverse * derivative; .
wlhistory(i+1) = solutionw(1);
w2history(i+1) = solutionw(2);

end

2

hold on;
plot(wlhistory, w2history,'bo-')
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1
min MlIAw—bII% + w5
var. w € RV,

Vilw) = %AT(AW —b) + 2Aw

2 2 T
Vf(W)IMA A+ 211

[ it — i 2 3 J T -

f(x)

~f(@+ (Vf(@) (x - a)
+2 G- @) V(@) (x — )

A LUEBAEEXS L AT HAR e 8, ~nJ =

AN LHR#ED = 2a, + 5a; + N (0,20) 4305 L

0.7993 -6.2909 -39.2102
-9.4848 -12.0385 -81.6599
4.1149 -2.5394 25.1117
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TR

) 1 . . 0.7993 -6.2909 -39.2102
min — ||Aw — b||5 + A||w||5
M . -9.4848 -12.0385 -81.6599
var,. w € R".
4.1149 -2.5394 25.1117

Vilw) = %AT(AW —b) + 2Aw

2 2 T
Vf(W)IMA A+ 21

WEBA XM R iR RwWO, ARt n] —25 3
ik B w

(1) HVfw") = 0453w i1 3] = f
1 19
‘w:(MNA+AQ —ATh

(2) yFBHd = —w° + w*




TLIR AR AL )

min f(x)
var. x € R,
Hirr, f(x) & Mg 2L m] ) R AL

R BCIRNI, tn] AR T RS/ A BE R R e/ ME. CoBLR IR FR)

=
=

B AR V() =0 x 72 il i/ ME




TLIR AR AL )

min f(x)
var. x € R,
Hirr, f(x) & Mg 2L m] ) R AL

R BCIRNI, tn] AR T RS/ A BE R R e/ ME. CoBLR IR FR)

YMRHCEMI V) =0 S xRJREEME

%, f(x) =x>fEx = OKbBAFEHRO

FeF B PR RS (ANRENLAER JE T FEE B ARE FREE) FER)E
HHTHALM SR /MEBRAR 5L

PRNE TR R ARG WK, BRER




2% T A X 17 et

Part1 Up 1T IO 1) Ay BEA B IR0 34 2
Part2 £t 5 — L8R e LA B AL 18, an a3 B f LA 2

ﬁ?@ﬁﬂlﬁt%lﬂ@ KKT%#F Ii])*‘k/i%
Part3 SFX B R A ALK TR CANNPHERI B, ) BBy i 2

Partd B X RN Z A AR LA IR, AT 4 21 ALl i 2




2R

min f(x)

st. gi(x)<0,i=1,..,m,
hi(.X') = O,] = 1, oo 19

var. X € D.

L ERRBANA AR (BEDIAHLAR) AL, FROVLMEIRH
KRB — R f) =aix+by  (ERaRAE)




2R

min f(x)

st. gi(x)<0,i=1,..,m,
hi(.X') = 0,] = 1, oo 19

var. X € D.

L ERRBANA AR (BEDIAHLAR) AL, FROVLMEIRH
KRB —BER: fD =aix+b,  (ERa,RHE)

X
f(x) = x1%; — x3 f(x)=x_1+x3—2 f(x) =3x%, = 5x; —x3+9
2




2R

min f(x)

st. gi(x)<0,i=1,..,m,
hi(.X') = 0,] = 1, oo 19

var. X € D.

L ERRBANA AR (BEDIAHLAR) AL, FROVLMEIRH
KRB —BER: fD =aix+b,  (ERa,RHE)

X
f(x) = x1%; — x3 f(x)=x_1+x3—2 f(x) =3x%, = 5x; —x3+9
2

X X Vv




2R

min f(x)

st. g(x)<0,i=1,..,m
hi(.X') = 0,] = 1, oo 19

var. X € D.

L ERRBANA AR (BEDIAHLAR) AL, FROVLMEIRH

2R PRI 1A &R (linear programming)

min an + bo
st. alx+bh;<0,i=1,..,m, Cay, a;, d;RFE)

dij+ ¢=0,j=1,..,p,
var. X.




2R AR

min ajx + b,
st. alx+bh;<0,i=1,..,m,
T .
dix+c¢=0j=1,..,p,

var. X.

ST R 75 A £ P AR K i)

min x;Xx, + X3 min x;—Xp + X3 max Xx;—Xp + x3+5
s.t.  x1 +3x; = x3, s.t.  x1 + 3yxy = x3, s.t.  xqy +3x; = x3,
var. X1, Xy, X3. var. X1, Xy, X3. X, — X1 <6,

var. X4, Xy, X3.




2R AR

min ajx + b,
st. alx+bh;<0,i=1,..,m,
T .
dix+c¢=0j=1,..,p,

var. X.

ST R 75 A £ P AR K i)

min x;Xx, + X3 min x;—Xp + X3 max Xx;—Xp + x3+5
s.t.  x1 +3x; = x3, s.t.  x1 + 3yxy = x3, s.t.  xqy +3x; = x3,
var. X1, Xy, X3. var. X1, Xy, X3. X, — X1 <6,

X X var. Xj, 3)('3.




2R

min ajx + b,
st. alx+bh;<0,i=1,..,m,
T o
dix+c¢=0j=1,..,p
var. X.

min Xy

AR EREEMBHE st. 5—x; <0, M™BAFALEEER<LAR
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min ajx + b,
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var. X.
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st. Ax = b,
var. x = 0.

—SX1+3XZ
2—3x1+5x, =0,

x1 <0, x,.

—SX1+3XZ

—2+ 3x; —5x, + x3 =0,
X1 < O,Xz,Xg > 0.
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Very Large-Scale Linear Programming: A Case

Study in Combining Interior Point and Simplex
Methods

Robert E. Bixby! John W. Gregory? Irvin J. Lustig®
Roy E. Marsten* David F. Shanno®

May, 19916

Abstract

Experience with solving |a 12,753,313 variable linear program |is described. This problem
is the linear programming relaxation of a set partitioning problem arising from an airline
crew scheduling application. A scheme is described that requires successive solutions of
small subproblems, yielding a procedure that has little growth in solution time in terms of
the number of variables. Experience using the|simplex method|as implemented in CPLEX,
an interior point method as implemented in OBTI, and a hybrid interior point/simplex ap-
proach is reported. The resulting procedure illustrates the power of an interior point /simplex
combination for solving very large-scale linear programs.
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Example of a crew roster for multiple crews (rows).
Note: NA - a previous pairing was assigned in the past
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HISTORY :

After getting late to class, George Dantzig copied
from the blackboard two problems thinking
they were homework, and then solved them.
They were actually two famous unsolved
statistics problems, which earned him his PhD.

19474F » George Dantzigfig H f#f EREG AL 5] RS FLAf T 12
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Stanford ‘ NEWS

Home Find Stories For Journalists Contact

Stanford Report, May 25, 2005

George B. Dantzig, operations research
professor, dies at 90

BY DAWN LEVY

During his first year as a doctoral student at the University of California-Berkeley, Dantzig arrived late to the class of
Jerzy Neyman, one of the great founders of modern statistics. On the blackboard were two problems that Dantzig
assumed to be homework.

"A few days later | apologized to Neyman for taking so long to do the homework—the problems seemed harder to do
than usual," Dantzig once recalled. It turned out the conundrums, which Dantzig solved, were two famous unsolved
problems in statistics.
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min —3x;—2x, min —3x;—2x,
s.t.  2x1+x, <9, s.t.  2x1+x, +x3 =09,
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min —3x;—2x,

S.t. le+x2 + X3 = 9, o
5 By 2, = ) o RS A L

var. x1 =20,x;, =20,x3=0,x4 = 0.
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